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An a p p r o x i m a t e  so lu t i on  of  the p r o b l e m  of  s t a t i o n a r y  i s o t h e r m i c  flow of  a n o n - N e w t o n i a n  
l iqu id  in a p a r a b o l i c  c o n v e r g e n t  channel  i s  g iven  fo r  the cond i t ion  r <~ z. E x p r e s s i o n s  fo r  
the v e l o c i t y  d i s t r i b u t i o n  a r e  d e r i v e d .  

The  m o t i o n  of a n o n - N e w t o n i a n  l iqu id  in a c i r c u l a r  cone whose  s ide  s u r f a c e  i s  f o r m e d  by  r o t a t i o n  of  
the p a r a b o l a  r = a z  2 abou t  the z a x i s  i s  c o n s i d e r e d .  The r h e o l o g i c a l  b e h a v i o r  of  the m o v i n g  s y s t e m  i s  
d e s c r i b e d  by  the equa t ion  

no = 2kh~-~,o (1) 

I t  i s  a s s u m e d  tha t  the m o t i o n  i s  s t a t i o n a r y  and i s o t h e r m i e .  The p r o b l e m  i s  s o l v e d  for  a c o n v e r g e n t  channel  
wi th  in f in i t e  l ength  which  s a t i s f i e s  the cond i t ion  

r<<z (a<< I). (2) 

This condition is encountered in designing nozzles for atomization, mechanical deposition of coatings, eta. 

As it moves in a parabolic convergent channel, the system experiences both linear and angular de- 
formations. In this case [1], the shear extends to the whole region. The flow is convergent. The differen- 
tial equation of motion is obtained by solving simultaneously Eq. (I) and the Cauchy equilibrium equation 

div//~ p j .  (3) 

Since the flow i s  a x i s y m m e t r i c ,  

v, : Vr(r, z); v~ = v~(r, z); v~ = O. (4) 

A s e r i e s  of i s o t r o p i o  p a r a b o l a s  r = vaz  2, w h e r e  0 _< v _< 1, can be d r a w n  in s ide  the c o n v e r g e n t  channel  
( see  F ig .  1). In  so lv ing  the p r o b l e m ,  we s u b s t i t u t e  the new c o o r d i n a t e s  v and z fo r  r and z and w r i t e  the 
d i f f e r e n t i a l  equa t ions  in  t e r m s  of the  new v a r i a b l e s ,  a l l owing  fo r  the r e l a t i o n s h i p s  b e t w e e n  the new and the 
o ld  c o o r d i n a t e s .  

We i n t r o d u c e  the a u x i l i a r y  func t ions  

~1 ~ 2khn-lerr ' 

% ~ 2khn-le~, (5) 

= 2khn-ler~. 

Then ,  the d i f f e r e n t i a l  equa t ions  of mo t ion  a r e  w r i t t e n  in  the fo l lowing  f o r m :  

Op 0% O ~  _ 2vaz a ~  
Ov ~- ~ § az~ Oz Ov 

ely r 2~1 -k % _ poop - , (6) 
v dt 
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Op O~p~ 2v Op 2,0 0~2 ~ _ _ _ +  . . . . .  
Oz Oz z 0,0 z Ov 

+ 1 o~ ff T dv= 
- -  Do 

az ~ Ov ,0az ~ dt 
(7) 

Af te r  e l imina t ing  p f r o m  these  equat ions ,  we obtain  

O2q? l : -  2 �9 02q)l _~ _2  �9 Oq) 1 

o,0az z Ov 2 ,0 Oz 

6 0% + _L .  
z av ,0 

_ 0~% ~ 2,0 O~cP---A-~ + az z 02----~T - -  4vaz 02---f--~ 

Ovaz z 0,0 ~ az ~ OvOz 

+ 4,0~a - -  az--:--- -k 6 , 0 a -  - -  
waz 2 0,0 

Oqh 

Oz 

,0 ~az~ _ ~  t - Y i - )  c,, k dt ] 

o (a<,, I]=o. (8) 
Oz t - - 2 Z  i J 

We in t roduce  the s t r e a m  function which sa t i s f i e s  the continuity equat ion,  

~p (,0, z) = ~ ,  (9) 

where  w i = COl (v). Such a s t r e a m  function was  used  in cons ide r ing  the mot ion  of a v i s cous  l iquid in a cone 
[21 and a v i s cop l a s t i c  m e d i u m  in a f lat  pa rabo l i c  d ive rgen t  channel  [1]. 

The ve loc i ty  d i s t r ibu t ion  w a s  d e t e r m i n e d  mainly  by  the f i r s t  t e r m  of  the expans ion  - the b a s i c  func -  
t ion [1]. The c o r r e c t i o n  in t roduced  by the connect ing  funct ions  is  negl igible .  In the f i r s t  approx imat ion ,  
the s t r e a m l i n e s  follow the i s o t r o p i c  c u rve s .  

Reta in ing  only the f i r s t  t e r m  of the expans ion  in de t e rmin ing  the bas i c  funct ion,  we obtain 

2,.; o); 
v r =  a z  3 ; v ~ =  v a 2 z  4 . (10) 

In  o r d e r  to sa t i s fy  the condi t ion at  the axis  (v r I v __ o = 0; v z t v = 0 ~ 0), we seek w; in the f o r m  w; = vf (v). 
Then,  

2,0f f 
v , - -  az 3 ; v z =  a~z~ (11) 

After  ca lcu la t ing  the de r iva t i ve s  of the funct ions  f igur ing  in the d i f ferent ia l  equat ion (8), we r each  
the conc lus ion  that ,  with the a s sumpt ion  (2) fo r  a mi ld ly  s loping conve rgen t  channel ,  the t e r m s  conta in ing 
r ~~ and the i r  de r i va t i ve s  in the d i f ferent ia l  equat ion can  be neglec ted ,  and the in tens i ty  ef  the d e f o r m a -  
t ion r a t e s  can be d e t e r m i n e d  by m e a n s  of  

h = f '  aaz6 02)  

If  r << z, we obtain the fol lowing equat ion fo r  de t e rmin ing  the bas i c  function:  

v2 0 ~  0 _ _ L  - 
Ov 2 -k  ,0 0v T = 0 ,  (13) 

w h e r e  T = kh n,  s ince  v > 0 fo r  a conve rgen t  flow. By solving this  equat ion,  we de t e rmine  the value of the 
funct ion f, 

r=ro(i - -  ~ . ( 1 4 )  
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Fig.  1. Mot ionin  a p a r a b o l i c  (15) 
conve rgen t  channel .  

The in t eg ra t ion  cons tan t s  a re  d e t e r m i n e d  f r o m  the fol lowing equat ions :  

1) the adhes ion  condi t ion,  

v,[~=l = O, v ~ l ~ l  = O, 

whence  fly = 1 = O; 

2) the condi t ion of  d i s c h a r g e  cons t ancy ,  

1 

2~ j" co (v) dv = - -  Q, 
0 

, fo i.e flv=o = fo. 3) Vzlv=o = a - ~ z  a ' 

By subs t i tu t ing  the value o f f  in Eqs.  ( l l ) , w e  ob ta in the  e x p r e s s i o n s  d e -  
s c r ib ing  the ve loc i ty  d i s t r ibu t ion  in the f i r s t  app rox ima t ion :  

2vf~ 1 - -  v -~-+' vr= ( ) 
a z  Z 

o =  fo 
aez 4 

(16) 

In the flow of  pseudo p l a s t i c s  (n < 1) and, in the l imi t ing  ca se ,  Newtonian l iquids (n = 1), iner t ia l  f o r c e s  do 
not af fec t  the value of the b a s i c  funct ion.  The flow of  a Newtonian l iquid in a pa r abo l i c  conve rgen t  channel  
cons t i tu t e s  a p a r t i c u l a r  ca se  of  the p r o b l e m  c o n s i d e r e d  above.  We have ana lyzed  this  p r o b l e m  fo r  the 
condi t ion r << z. The fol lowing equat ion w a s  obtained fo r  d e t e r m i n i n g  the b a s i c  funct ion in this ca se :  

0)o Iv v 3 - -  20)0' v 2 + 30)o v - -  30)o = O. (17) 

B y  s o l v i n g  (17)  for  the boundary  condi t ions ,  we obtain the e x p r e s s i o n s  

v r = 2a~3/~ (1 - -  ~;2), 

v~= fo (l-v% 
a 2 z  ~ 

(is) 
which in fac t  can be obta ined f r o m  (16) fo r  n = 1. As w a s  ment ioned  e a r l i e r ,  e x p r e s s i o n s  (16) and (18) 
p rov ide  an idea  of the ve loc i ty  prof i le  in the f i r s t  approx imat ion .  By de t e rmin ing  the c o r r e c t i n g  funct ions ,  
we can obtain a solut ion with any d e g r e e  of  a c c u r a c y .  

In d e t e r m i n i n g  the f i r s t  c o r r e c t i n g  function,  we use the f i r s t  two t e r m s  of  the expans ion  defined by 
(9): 

1~ (V, Z) = (D O ~'-  0)1 (19) 
Z 

Then, 

20)o 0)1 + 2vcol 
vr = ~ + y a p  

0)'~ 4 
U z  - -  _ _  -~ -  - -  'Va2Z 4 'y C/2Z5 ' 

(2 o) 

the f i r s t  t e r m s  of which have a l r e a dy  been  found in d e t e r m i n i n g  the bas i c  funct ion.  

In o r d e r  to sa t i s fy  the condi t ion at  the axis  (vrl v = 0 = 0, Vzl v = 0 ~ 0), we seek w 1 in the fol lowing 
form: 

% = v ~ ( v ) .  (21) 
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Then, 

l 
2V/o t - -  +1 

v~ = ---~-#-, 1 - - v  ~ ) + (5v~ + 2v~cp'), 

! 
[o (I__v - §  ~ZlT_ 

(22)  

In de te rmin ing  the co r rec t ing  function, we mus t  decide which one will b r ing  iner t ia l  fo rces  into the equation 
for  each specif ic  case  in dependence on the deviation of n f r o m  unity. 

Neglect ing smal l  quanti t ies  and assuming  that the deviation f r o m  Newtonian behav ior  is  such that  
iner t ia l  fo rces  do not affect  the f i r s t  co r rec t ing  function, we obtain a differential  equation, the solution of 
which provides  the value of (o in the following form:  

l - - + 1  

= (3n + 1)(n-~ 1) 

The function ~ mus t  sa t is fy  the following conditions: 

(Plv=l=O; ~lv=0 = %, 

whence 

C 1 = O; C~ = O. 

Thus,  the f i r s t  co r r ec t ing  function vanishes .  The co r rec t ing  functions a re  equal to zero  whenever  
the different ial  equations used for  the i r  de terminat ion  a re  homogeneous.  The function which is  de te rmined  
by taking into account  iner t ia l  fo rces  is the f i r s t  one that  is  different  f rom zero .  The s m a l l e r  the value 
of n, the l a r g e r  the index number  of the function whose value is affected by iner t ia l  fo rces .  Fo r  a New- 
tonian liquid (n = 1), even the f i r s t  co r rec t ing  function mus t  be de te rmined  by taking into account  inert ial  
fo rces .  For  n > 1 (dilatant liquids), iner t ia l  f o r ce s  can affect  the bas ic  function, beginning with ce r ta in  
values  of the index n. 

The p r e s s u r e  n e c e s s a r y  for  the motion of a non-Newtonian liquid in the convergent  channel can be 
de te rmined  by in tegra t ing  Eqs.  (6) and (7). 

N O T A T I O N  

.[I 0 is the s t r e s s  t ensor  deviator ;  
~0 is  the devia tor  of the deformat ion  ra te  tensor ;  
h is  the intensi ty of deformat ion  ra tes ;  
k is  the cons is tency measu re ;  
n is  the index of deviation f r o m  Newtonian behavior ;  
P0 is the density; 
T is  the shear ing  s t r e s s ;  
eik a re  the components  of the deformat ion  ra te  tensor ;  
Q is  the d i scharge .  

1, 
2. 
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